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The general formalism of the interaction representation with
espect to an operator which is its own inverse is developed and
pplied to pure NQR of spins I 5 3

2. Under the assumption of no
elaxation and no dipolar coupling, it is shown that the calculation
f the response to pure NQR multipulse sequences can be per-
ormed with the same concepts used in high field NMR, such as
oherence pathways. All the tools and mathematical expressions to
redict the time evolution of the signal created by a pure NQR
ultipulse sequence are presented explicitly. It takes into account

he off-resonance irradiation as well as the angular dependence of
he excitation and detection for every value of the electric field
radient asymmetry parameter. Particular attention is devoted to
he powder average, which is performed via a probability function
erived analytically for the first time, leading to a drastic reduc-
ion of simulation times. The theory is illustrated by the study of
he optimization and excitation bandwidths of one- to three-pulse
equences and compared to experimental results on Chloranil. We
how that the three-pulse “stimulated echo” sequence gives a more
niform excitation profile than the traditional two-pulse echo
equence for powder samples. Thus, the “stimulated echo” se-
uence could be useful to cover a large spectrum when the exper-
ment duration, or the signal to noise ratio, are not critical param-
ters. Analytical expressions for the nutation spectra obtained by
ne or two-pulse sequences are also derived for the first
ime. © 1999 Academic Press

Key Words: NQR; quadrupolar nuclei; interaction representa-
ion formalism; excitation bandwidth; powder average; nutation
pectra.

INTRODUCTION

All nuclei with a spinI $ 1 possess a quadrupolar mom
Q, which can interact with the electric field gradient (EF

ab 5 ( 2V/ab) evaluated at the nuclear site, provided
ite point symmetry is lower than cubic. The correspon
uadrupolar interaction energy of the nuclear charge dist

ion with the EFG is proportional to the productMQ z (Vab).
he EFG tensor (Vab) strongly reflects the symmetry of the s
nd provides a concise summary of the nature of the ch
nvironment of the nucleus (electronic cloud distortion, cry
eld, etc.). This makes the quadrupolar interaction a un
robe to study any physical phenomena affecting the ch
istribution around a nucleus, as for example phase transi
uperconductivity, and incommensurability. Among the ex
pee
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mental techniques available to measure the quadrupolar
ction, magnetic resonance spectroscopy techniques are
larly appealing because of their large and usually sim
pplicability. Moreover, one can have access to a large ran

ime scales, an important feature in the study of phase tr
ions or of disordered systems.

Depending on the strength of the quadrupolar interac

Q z (Vab) compared to the Zeeman interactiongB, whereg
s the nuclear gyromagnetic ratio, andB is the external applie
tatic magnetic field, magnetic resonance techniques ca
ivided into two limit cases: the high field extreme of nuc
agnetic resonance (NMR) when the Zeeman splitting d
ates the quadrupolar interaction (and usually also domi

he other terms in the Hamiltonian such as chemical shift
pin–spin interactions) or the low field limit of Nuclear Q
rupolar Resonance (NQR) when the quadrupolar interact
redominant. The so-calledpureNQR designation being us
hen no external static magnetic field is present (exce
ourse the Earth’s magnetic field). In both limits, one can m
se of perturbation theory to calculate the energy spec
hich usually leads to severe simplifications of the formal
hereas the intermediate caseMQ z (Vab) ; gB could only be
olved numerically to our knowledge.
Unlike NMR, the main drawback of NQR is that the f

uency of the nucleus is not known since it specifically
ends on the nuclear environment. Once the frequen

ound, its variation with external parameters such as tem
ure are almost directly proportional to the variation of
ffective EFG. An important difference between NQR
MR should be stressed. In NMR, the quadrupolar reson

requenciesvQ(u, w) depend on the polar angles relative to
rientations of the principal axis system (PAS) of the EFG

he nucleus with respect to the laboratory frame (1–3). As a
onsequence, the components of the tensors can be dete
y the analysis of rotation patterns about two or three ax
single crystal. In powder or polycrystalline samples,

nterpretation of the spectra is complicated because the
roadening comes from all the contributions of the diffe
rystallites, possibly convoluted by a distribution of envir
ents, chemical shift, and dipolar interactions. Moreover

xcitation profile of a radiofrequency (RF) pulse in NMR may
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240 CHRISTOPHE ODIN
e strongly distorted if the quadrupolar interaction couldn’
eglected compared to the RF power (“soft pulse”).
Rotations patterns are also observed in NQR when a

tatic field is applied to remove the degeneracy of the en
evels. The particularity of pure NQR is that the spatial s

etry is broken only during the pulses by the application o
F field. Whereas the frequency of a given site remains
tant, both the excitation and the reception of the signa
ffected by the relative orientation of the emitting/receiv
oil with respect to the PAS of the EFG at the nucleus u
tudy, modulating both the nutation frequencies of the isoc
ats and the signal amplitude. Therefore, in pure NQR, it i
mplitude of the signal which is angular dependent. In con

o NMR, the line broadening in pure NQR would only refl
he distribution of EFG (neglecting dipolar broadening and
esidual external magnetic fields).

In this article, our main concern is pure NQR of spinI 5 3
2.

uch work has been devoted to calculate the NQR respon
pin I 5 3

2 systems to strong radiofrequency pulses, u
ifferent formalisms. The earlier descriptions were base

he solution of the time-dependent Schro¨dinger equation (se
or instance (4)). More recently introduced was a tensor op
tor formalism (5, 6) or a spin1

2 description of spins32 (7). Other
escriptions using the full matrices were described (8, 9), as
ell as iterative procedure based on the evaluation o
aker–Campbell–Hausdorff series with computer progr

ike MAPLE (10). However, to our knowledge, the most us
ormalism seems to be the interaction representation i
uced by Pratt (11, 12), since operational calculations using
ensity-matrix could be performed. As an example, the n

ion experiment introduced by Harbisonet al. (13) to measur
he asymmetry parameterh was calculated on such groun
14), as well as NQR imaging multipulse sequences (15).
ubjects, such as the study of incommensurate phase
uperconducting materials, show very broad NQR spe
hich are not excited totally by a single echo pulse seque
ecently, a procedure to rebuild spectra based on a two-
cho sequence appeared (16). A question which arises
hether more complicated sequences using three puls
ore could enlarge the frequency selectivity. Therefore, a
nderstanding of the properties of multipulse sequenc
eeded.
The aim of this work is to present another derivation of

nteraction representation of pure NQR of spinsI 5 3
2 based on

he fact that the square of the pure quadrupolar Hamiltonia
spin I 5 3

2 is in fact proportional to the identity matri
ection I introduces the Hamiltonians and tools needed i
tudy of NQR, whereas Section II presents the general for
he matrices in the representation interaction of an ope
hich is its own inverse as well as their main properties.
pplication of this framework to the case of pure spin3

2 NQR in
ection III greatly simplifies the calculations leading to a
nalogy with the high field NMR formalism. It is shown th
ure spin3 NQR multipulse sequences can be calculated in
2 th
e
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ame way as the NMR response of a single spin of arbi
alue I to an Hamiltonian including the frequency offset a
he radiofrequency excitation. All useful formula are descr
xtensively. Section IV is completely devoted to the prob
f the powder average. An analytical expression for the p
bility function of the angular factor affecting the effect
utation angle of the isochromats and the amplitude o
ignal is derived for the first time, which leads us to propo
rastic simplification of the powder average procedure. Se
then illustrates the calculations schemes proposed in

ions III and IV with some applications concerning the o
ization and the frequency response profile of one- to th
ulse sequences, and the shape of nutation spectra ob

rom one- or two-pulse sequences. Simulations are comp
ith experiments performed on Chloranil at ambient tem
ture.

I. QUADRUPOLAR INTERACTION OF A SPIN I 5 3
2

The Hamiltonian of a singleI $ 1 spin may be decompos
nto four contributions: the pure quadrupolar HamiltonianH q,

Zeeman HamiltonianHZ, a dipolar HamiltonianH d if the
pin is coupled to other spins, and, when the sample is ir
ted by a radiofrequency field (RF), the RF HamiltonianHRF

1–3). The NQR domain considers that the norm of the q
rupolar Hamiltonian is much larger than the norms of

hree other contributions. In the following, we only deal w
he pure NQR case (no magnetic field applied) and neglec
ipolar interactions as well as all relaxation phenomena.
In NQR, it is more suited to quantify the spin operatorsI x,

y, I z} in the principal axis system of the EFG at the nucl
nder study, thez axis being oriented along the direction of
ighest eigenvalue in absolute value. Within this conven

he Cartesian representation of the pure quadrupolar part
amiltonian of a spinI 5 3

2 nucleus of quadrupole momentMQ

s then (2)

Hq 5
1

6

eMQVzz

2 H3I z
2 2

15

4
1

h

2
~I 1

2 1 I 2
2 !J , [1]

here

h 5
Vxx 2 Vyy

Vzz
[2]

s the asymmetry parameter.
The EFG tensor (Vab) is defined as the second spa

erivatives of the classical electrostatic potentialV at the
ucleus site:Vab 5 ( 2V/ab), where the subscriptsa andb

ndicatex, y, or z components. This tensor is symmetric a
raceless. Therefore, the two numerical parametersh and eq5

zz are sufficient to characterised the EFG tensor. The valu
could be restricted to the interval 0# h # 1 with the
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2

onventionuVxxu # uVyyu # uVzzu. Physically, the asymmet
arameter gives a measure of the departure of the EFG
xial symmetry.
In the following, the Hamiltonian are expressed in units

ngular frequencies (\ 5 1). The raising and lowering ope
tors {I 1, I 2} are, as usualI 6 5 I x 6 iI y.
The pure quadrupolar HamiltonianH q has two opposit

wofold eigenvalues

6
e2qMQ

4
a, [3]

here

a 5 Î1 1
h 2

3
. [4]

he corresponding NQR transition angular frequency is

vq 5
e2qMQ

2
a. [5]

straightforward calculation shows thatH q may be rewritten
s

Hq 5
vq

2
Q, [6]

hereQ has the interesting property that it is its own inve
hat is

Q2 5 I 4, [7]

hereI n will design in the following then 3 n identity matrix.
In fact, the result that the square ofH q is proportional to th

dentity matrix is a direct consequence of the Cayley–Ham
heorem (17), sinceH q has only two opposite twofold eige
alues.
In the basis of the eigenvalues ofI z { 3

2 , 1
2 , 2 1

2 , 2 3
2}, the

atrix representation ofQ is

Q 5
1

3a 1
3 0 h Î3 0
0 23 0 h Î3

h Î3 0 23 0
0 h Î3 0 3

2 . [8]

n order to simplify the calculation of matrix products, all
atrices will be represented by a sum of Kronecker produc

pin 1 Pauli matrices (Appendix A).
2
m

f

,

n

of

So, we obtained

Q 5
1

3a
$3sz # sz 1 h Î3sx # I 2%. [9]

hen the sample is irradiated by a linearly polarized radio
uency field (RF) of phasew, the RF HamiltonianHRF is

HRF 5 2vRFcos~vt 1 w!I .n, [10]

herevRF 5 gB1/2, g is the magnitude of the nuclear gy
agnetic ratio andv the excitation angular frequency. Vect
re noted in bold letters. The coil axis is directed along
nity vector n whose coordinates are {sin(u)cos(f),
in(u)sin(f), cos(u)} in the PAS of the EFG (Fig. 1).
The time evolution of the spin-system under eitherH 5 H q

or free evolution, orH 5 H q 1 HRF during the pulses,
onveniently expressed by the density operator which o
he von Neumann equation

dr

dt
5 i @r, H#. [11]

f the Hamiltonian were time independent, the formal solu
f the Liouville equation would be

r~t! 5 e2iHtr~0!eiHt. [12]

owever, this is rarely the case and approximations shou
sed (perturbation theory, average Hamiltonian theory (1–3)).
hen the Hamiltonian has one contribution which is m

arger than the others, the approximations to describe the
volution of the density operator are most conveniently
cribed in the interaction representation whereall the operator
re transformed by the following unitary transformation

Ã~t! 5 UA~t!U 1, [13]

hereU 5 exp(iTt) andU1 is the hermitic conjugate ofU. T
s an hermitic operator.

FIG. 1. Reference frames of an NQR experiment.
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242 CHRISTOPHE ODIN
Hence, applying this transformation to the density oper
eads to

dr̃

dt
5 i @r̃, He# with He 5 H̃ 2 T. [14]

he hermitic operatorT may be chosen at will to simplify th
esulting effective Hamiltonian.

Generally, when a small number of spins are involved
ost simple method to handle the evolution equation i
xpand the density operator in a suitable complete s
rthogonal basis operators which span the operator spac
hich the density matrix evolves and to use the scalar pro
A/B& 5 Tr( AB), and the normiAi 2 5 Tr( A2).
In NQR, the interaction representation is defined with

pect to the pure quadrupolar Hamiltonian. For spinsI 5 3
2, the

ropertyQ2 5 I 4 leads to formal simplifications and intere
ng relationships which are outlined in the following sectio

II. INTERACTION REPRESENTATION WITH RESPECT
TO AN OPERATOR SUCH THAT Q2 5 I4

The interaction representation with respect toQ is defined
y settingU 5 eibQ in Eq. [13]. By expanding the exponent

n a power series, the explicit expression ofU can be easil
btained (see Table 1, cell 4). Consequently, the new ope

˜ becomes

Ã 5 eibQAe2ibQ 5 r A 1 pAcos~2b! 1 qAsin~2b!. [15]

hus, in theQ-interaction representation, an operatorA is
ecomposed into three operatorsr A, pA, and qA, which are
efined in Table 1, cell 1. This table also summarizes the
roperties of these operators. The first operatorr A is evidently

he part which commutes withQ. The equations of cell
rovides some solutions of the von Neumann equation

hough a complete set of solutions could only be achieve
xplicitly taking into account the peculiar nature ofQ (see nex
ection). Note the similarity of commutation relationships
ell 3 with the commutation relations of the Cartesian
perators, except that the third expression does not make
yclic unlesspAqA ; Q. Cell 2 indicates that as soon as
ommutators or anticommutators of the type [sA, sB] 6 are
nown for one type of operator p or q, then they are known
he other one.

SincepA andqA have the same norm, it seems appropria
efine new operatorssnA (s 5 p or q) such that

Tr~snA
2 ! 5 Tr~I 4! 5 4 [16]

snA 5 Î 8

Tr~qA
2!

sA 5 nAsA. [17]
r

e
o
of
nto
ct

-

tor

in

l-
y

f
n
em

r

o

o, Eq. [15] can be rewritten as

Ã 5 r A 1 nA$ pnAcos~2b! 1 qnAsin~2b!%. [18]

III. APPLICATION TO THE PURE NQR OF SPIN I 5 3
2

Let us now apply the formalism developed in the prece
ection to the problem of computing the NQR response
ultipulse sequence using the interaction representation

espect to operatorQ.
Going into the interaction representation defined by ch

ng

T 5
v

2
Q [19]

nd using

~I.ñ !~t! 5 r 1 $ p cos~vt! 1 q sin~vt!% [20]

TABLE 1
Main Properties of the Operators rA, pA, qA, Q

1) Definition of the operatorsr A, pA, qA:

Q2 5 I or Q 5 Q21

r A 5 1
2 ~A 1 QAQ!

pA 5 1
2 ~A 2 QAQ!

qA 5 i
2 @Q, A#

pA 5 iqAQ 5 2iQqA

Tr~pA
2! 5 1

2 $Tr~A2! 2 Tr~~AQ! 2!%

Tr~r ApA! 5 Tr~r AqA! 5 0

2) Some relationships for operators related to different matricesA Þ B:

pApB 5 qAqB

@pA, pB# 6 5 @qA, qB# 6

@qBqA, Q# 5 0
@qB, pA# 5 iQ@qA, qB# 1

if @qA, qB# 1 5 0, then@qB, pA# 5 0

3) Some commutators and anticommutators:

@pA, Q# 5 2iqA

@Q, qA# 5 2ipA

@pA, qA# 5 2pAqA 5 22iQqA
2

@pA
2, Q# 5 @qA

2, Q# 5 @pAqA, Q# 5 0
@sA, Q# 1 5 0 for s 5 p or q

@pA, qA# 1 5 0

4) Some trigonometric functions:

eibQ 5 cos~b! 1 i sin~b!Q
eibQqAe2ibQ 5 qAcos~2b! 2 pAsin~2b!
eibQpAe2 ibQ 5 pAcos~2b! 1 qAsin~2b!
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2

ives the averaged or truncated Hamiltonian (zeroth order
n a Magnus expansion):

H 5
Dv

2
Q 1 vRF$cos~w! p 2 sin~w!q%. [21]

The first order correction in the Magnus expansion is sm
han the zeroth order term by approximately a factor ofvRF/v q.
hus, it is usually justified to neglect the correction term
igher order than zero (for instance,nRF , 100 kHz andn q .
0 MHz givesnRF/n q , 0.01). Except for some factors, th
amiltonian has the same structure as the NMR trunc
amiltonianHRMN in the rotating frame of a single spin subj

o an off-resonance RF field of amplitudev1:

HNMR 5 DvI z 1 v1$cos~w!I x 1 sin~w!I y%. [22]

o draw a complete analogy, we need the complete com
ation relations of the operator set {Q, p, q}. In fact, only the
ommutator [q, p] must be calculated.
The operatorsp andq of Eq. [21] are linear combinations

he pna or qna defined in Table 2

s 5 sin~u !cos~f!nxsnx 1 sin~u !sin~f!nysny 1 cos~u !nzsnz,

[23]

heres 5 p or q and (u, f) are the polar angles of the coil a
n the PAS (Fig. 1).

Table 2 is a summary of some relations related to
peratorssa in a basis diagonalizingI z. Appendix B indicate
fast method to compute the matrices defined by Pratt (11) as

oon as their expression are known in a basis diagonalizin
uadrupolar Hamiltonian. We emphasize again that only a
lgebra has to be performed in our formalism, since we
eed to calculate theqa because of the relations of Table 1.

he cells 1, 3, and 4 of Table 2 are the most important. It
e remarked that only two parametersnx andny are necessa

o define theqa and thepa.
It is readily shown that the commutation relationships wi
set {pa, qa, Q} are cyclic up to a normalization facto

ombining these results with those of Table 1 leads to c
here the case of a linear combination of thesa is studied. The

ast commutator of cell 4 indicates that [q, p] is indeed
roportional toQ.
Thus, we are now able to define a new set of operatorsQx,

y, Qz} by

Qx 5
q

2l
Qy 5

p

2l
Qz 5

Q

2
, [24]

here the angular factorl 5 l(u, f) is a function of the pola
ngles which specify the orientation of the coil with respec

he PAS of the EFG. It is given by
 W
m

r

f

d

u-

e

he
le
ly
,
y

4

o

l~u, f!

5
1

2aÎ3

3 Î4h 2cos2~u ! 1 sin2~u !@9 1 h 2 1 6h cos~2f!#.

[25]

his angular factor is the norm ofp andq.
These normalized operatorsQa(Tr[(Qa) 2] 5 1) fulfill the

ame commutation relations as the Cartesian spin opera

@Qx, Qy# 5 iQz and cyclic permutations. [26

s a consequence, they are also orthogonal with respect
race

Tr@QaQb# 5 dab for a 5 x, y, z. [27]

e stress again that theQ

TABLE 2
Q Interaction Representation of the Spin Operators

in a Basis Diagonilizing Iz

1) OperatorsqIa 5 qa:

qx 5 nxqnx 5 2nxsz # sy with nx 5
3 1 h

2aÎ3

qy 5 nyqny 5 nysz # sx with ny 5
3 2 h

2aÎ3

qz 5 nzqnz 5 nzsy # I 2 with nz 5
h

aÎ3

ote that thena are not independent sincenz 5 nx 2 ny

2) OperatorspIa 5 pa:

px 5 nx pnx 5
nx

3a
$3I 2 # sx 1 h Î3 sy # sy%

py 5 nypny 5
ny

3a
$3I 2 # sy 2 h Î3 sy # sx%

pz 5 nzpnz 5
nz

3a
$23sx # sz 1 h Î3 sz # I 2%

3) Main properties:

~qa! 2 5 ~na! 2I 4 5 ~pa! 2

paqa 5 2i ~na! 2Q
@qa, qb# 1 5 @pa, pb# 1 5 0 if a Þ b

@qa, pb# 5 0 if a Þ b
@pa, Q# 5 2iqa

@Q, qa# 5 2ipa

@qa, pa# 5 2i ~na! 2Q

4) If A 5 ¥aaaI a

sA 5 ¥aaasa for s 5 p or q
sA

2 5 ¥a~aana! 2I 4

@qA, pA# 5 2i¥a~aana! 2Q
a are defined for one orientation of
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244 CHRISTOPHE ODIN
he PAS with respect to the coil. Expressed on this basis
ecular part of the NQR Hamiltonian during a pulse read

H 5 DvQz 1 l9vRF$cos~z!Qx 1 sin~z!Qy%, [28]

here we have shifted the pulse phase asz 5 p/2 1 w to obtain
he same Hamiltonian asHNMR. This is possible because on
he relative phases between the pulses are relevant t
alculations. We also defined a reduced angular facto
9 5 2l.
The signal detected in the coil with a quadrature detec

etup is proportional to the lowpass filtered (LP) signal (or
veraged signal over one period of the RF field)

s~t! , LP@Tr$I.ne2ivtr~t!%# 5 LP@Tr$~I.ñ !~t!e2ivtr̃~t!%#.

[29]

oting that Eq. [20] could be rewritten as

~I.ñ !~t! 5 r 2 li $Q1eivt 2 Q2e2ivt% [30]

nd that Tr(pr) 5 Tr(qr) 5 0 results in (we disregarded so
rrelevant factors)

s~t! , l9Tr$~Qx 1 iQy!r̃~t!% 5 l9Tr$Q1r̃~t!%. [31]

n the high temperature approximation, the equilibrium Bo

TAB
Evolution of the Set of Operators {O1, Oz, O2} under the Time-I

here O6 5 Ox 6 iOy and the Oa Fulfil the Commutation Relati
s the Free Evolution Hamiltonian

A
Evolution under a RF

eiH p tAeiH p

O1
1
2 $2 cos~v! 1 cos2~u!@1 2 co

O1 Oz cos~u!$sin~u!@1 2 cos~v!# 1 i

O2
1
2 cos2~u!@1 2 cos~v!#ei2w

O1
1
2 cos~u!$sin~u!@1 2 cos~v!# 1

Oz Oz cos2(u)cos(v) 1 sin2(u)

O2
1
2 cos~u!$sin~u!@1 2 cos~v!# 2

O1
1
2 cos2~u!@1 2 cos~v!#e2i2w

O2 Oz cos(u){sin(u)[1 2 cos(v)] 2

O2
1
2 $2cos~v! 1 cos2~u!@1 2 co

Where
v 5 vet is the effective nutation angle

ve 5 ÎDv 2 1 v 1
2

cos~u! 5
v1

ve
and sin~u! 5

Dv

ve
t

he

the
as

n
e

-

ann density matrix is proportional toQ:r eq ; Q, so the
nitial condition is taken as

r̃~0! 5 r~0! 5 Qz. [32]

ence, it is readily seen from the above considerations tha
ormalism describing the time evolution of the pure NQR of a
5 3

2 is completely analogous to the high field NMR of a sin
solated spin irradiated off-resonance, whose truncated Ham
ian in the rotating frame isHNMR (Eq. [22]). It means that und

he Hamiltonian of Eq. [28], the density matrix evolves o
ithin a linear combination of the three operators {Q1, Qz, Q2}.
herefore, the corresponding notions of coherence transfer
ays of61 quantum and zero quantum could be used, as w

he vector model for the set {Qx, Qy, Qz}. Moreover, the phas
ycling of NQR multipulse sequences can be derived from
ame rules as in NMR, using the selection of coherence path
imited here only to the three values {21 0 1}.

In practice, the same formula as calculated in NMR coul
sed by replacing NMR’sv1 by l9vRF and multiplying the re
ulting expression byl9. The basic formula for the time evolutio
f a general set {O1, Oz, O2} are recalled in Table 3.
he calculation scheme would be the following:

—The contribution of a single coherence pathway is g
y the product of the factors of Table 3 corresponding to
oherence jumps or to the free evolution periods.
—The resulting signal is the sum of all the contributions

he coherence pathways selected by the phase cycling p

3
pendent Hamiltonian: Hp 5 DvOz 1 v1 {cos(w) Ox 1 sin(w) Oy},
[Ox, Oy] 5 iOz and the Other Cyclic Permutations, HL 5 DvOz

se of lengtht Free evolution
eiH p tAeiH Lt

# 2 2i sin~v!sin~u!% O1e2iDvt

~v!%eiw

in~v!%e2iw

Oz

in~v!%eiw

(v)}e2iw

# 1 2i sin~v!sin~u!% O2eiDvt
LE
nde
ons

pul
t

s~v!

sin

i s

i s

i sin

s~v!
roce-
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ure, which arrive at the coherence level21 (it is the factor o
2 in the expansion of the density matrix on the basis {Q1,
z, Q2}).

In the case of a powder sample, an average over a
qually probable relative orientations of the solenoid coil
ith respect to the PAS of the EFG should be performed,

t is the object of the next section.

FIG. 2. Angular factorl(u, f) for different values of the asymmetry p
s the locus of a segment of lengthl for all angles (u, f)) whereas the right sid
o

he
s
d

IV. POWDER AVERAGE OF THE EXCITATION
AND DETECTION

In contrast to NMR where the frequency is modulated by
rystallite orientation, the particularity of pure NQR is t
nly one frequency is observed if the powder sample has
ne quadrupolar site. Therefore, the spectrum width is sol

meter. The left side of the figure shows the angular dependence ofl (the surface
a plot of the probability of having a given value ofl (all curves are normalized
ara
e is
ely a
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onsequence of a distribution of EFG values and of dip
nteractions, simplifying the interpretation of the spectrum
act, the angular factorl(u, f) affects both the excitation an
he reception, respectively, through thel(u, w)vRF term which
odulates the nutation frequencies of the isochromats

hrough the signal amplitude factorl(u, w) which renders th
mplitude of the signal angular dependent. In some ways
ituation is analogous to the modulation of the nutation
uencies in NMR by inhomogeneities in the RF field produ
y an irregular solenoid coil.
In powder samples, all angles (u, f) are distributed randoml

he powder average is usually calculated by performing an
ge other all crystallites orientations. But this method is ra

ime consuming because about 105

FIG. 3. Pulse sequences and their coherence pathways. (a) A single
equence {u}; (b) two-pulse sequence {u1} { u2} giving an echo. {u} {2 u} is the
ahn sequence; (c) Three-pulse sequence of same length {u} { u} { u} giving an
cho. The coherence pathway 03 11 3 0 3 21 is chosen by appropria
ycling of pulse phases using the general NMR rules (“stimulated echo
uence). The delay between the first and second pulse will determine the
hereas the delay between the second and third pulse has no real influen

he zero-quantum pathway is selected (It must be much smaller than the rel
ime T1). (d) Nutation experiment with one or two pulses. The signal is Fou
ransformed with respect to the first pulse length to obtain the nutation spe
ne can also use a second pulse of fixed angle to obtain an echo.
different orientations are usu-
r

nd

is
-
d

r-
er

lly needed to sample the whole space. A much more effi
ethod is to perform the average over the values ofl, using the
robability densityg(l) of values ofl. This probability densit
an be calculated analytically by using the results of Appen
f Slichter (2). As a matter of fact, we noted that

l~u, f! 5
1

A
ÎR~ z, f!, [33]

here

A 5 2Î3 1 h 2 [34]

z 5 2cos~u ! [35]

R~ z, f! 5 ~3 1 h! 2 2 12h sin2~f!

1 z2@4h 2 2 ~3 1 h! 2 1 12h sin2~f!#. [36]

he probability density of values ofR being known, we deduc
he probability densityg(l) as

g~l! 5
2A2

ubu lDF ~ Al! 2 2 c

b
, fG [37]

ith

f 5
212h

b
; c 5 ~3 1 h! 2; b 5 3~h 2 3!~h 1 1! [38]

nd the functionD( y, f ) is defined by

D~ y, f ! 5 5y , f
1

p Îf~1 2 y!
KFy~1 2 f !

~1 2 y! fG
y . f

1

p Îy~1 2 f !
KF f~1 2 y!

~1 2 f ! yG
, [39]

hereK is the complete elliptic integral of the first kind (18).
The angular variation ofl is visualized on Fig. 2 as well a

he probability densityg(l) for three values ofh. At h 5 0,
here is no excitation when the coil lies along thez axis of the
AS. The angular character is exactly the same as the sph
armonic Y161. As h increases, the excitation alongz in-
reases, whereas it becomes less efficient alongy, the excita
ion profile being distorted from azimuthal symmetry.

The minimum and maximum values ofl are, respectively

lmin 5
h

aÎ3
~coil along thez axis! [40]

lmax 5
3

2

1 1
h

3

aÎ3
~coil along thex axis!. [41]

lse

e-
ho,
ince
tion
-
m.
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he divergence of the probability densityg(l) or of the nuta
ion spectrum comes from the contribution of crystall
hosey axis lie along the coil, and occurs at

ldiv 5
3

2

1 2
h

3

aÎ3
~coil along they axis!. [42]

he powder average of signalS(t, l) is then

^S~t, l!& 5 E
lmin

lmax

g~l!S~t, l!dl. [43]

he angle brackets indicate an average over the proba
ensityg(l).
Note that the mean valuêl& ' 0.686 and second mome

l2& ' 0.5, as obtained by numerical integration, are alm
ndependent of the asymmetry parameter. Thus, these q
ies cannot be used to get information on the asymm
arameter.

TAB
Explicit Expressions for the Signal Detected afte

One pulse of phasew (F

Sp~u, Dx, t! 5 $S

Spr 5
~l

2

Spi 5 2

Two pulses (Fig. 3b): (u 1)w1 2 t 2 (u 2

Spp~u1, u2, t, Dx, t! 5 $Sppr 1 iSpp

Sppr 5
~l9! 4

4

Dx

~vN! 4

Sppi 5 2
~l9! 4

4

1

~v

Three pulses (Fig. 3c): (u)w1 2 t 2 (u

Sppp~u, t, Dx, t! 5
~l9! 4

4

1

~vN! 3 K

with K 5 HDx

vN
@1 2 cos~

Where

Dx 5
Dv

vRF
is the dimensionless

v N 5 ÎDx2 1 ~l9! 2 andu i 5

l9 5 2l~u,f! is defined in the

Note.For a powder sample, an average over the range of values ofl9 sho
t

ity

st
nti-
ry

So, the problem of computing a powder average reduc
he numerical integration of Eq. [43]. We found that it
nough to sample the range ofl values over 100 points in ord

o get accuracy, instead of performing a double integra
ver more than 104 points in the conventional method.

V. THEORETICAL AND EXPERIMENTAL STUDY
OF ONE- TO THREE-PULSE SEQUENCES

FOR POWDER SAMPLES

It is not obvious at first sight whether the strategies de
ped in NMR to optimize pulse sequences are also valid i
ure NQR of a powder sample because of the angular av
ver both the excitation and the reception. Therefore, in o

o illustrate the methods developed in the last two section
ill draw a comparison of the relative efficiencies of
equences depicted on Fig. 3 by considering briefly the e
f the pulse length and off-resonance irradiation on the s
mplitude, the excitation bandwidth, and phase linearity.
ill also study the shape of the nutation spectra obtained

he sequences of Fig. 3d. The simulations are compar

4
e One- to Three-Pulse Sequences of Figs. 3a–3c

3a): (u)w 2 t

iSpi%e
iweiDvt with

Dx

~vN! 2 @1 2 cos~uvN!#

! 2 1

~vN!
@sin~uvN!#

2 t

p@i ~2w2 2 w1!#exp@iDv~t 2 t!# with

2 cos~u1vN!#@1 2 cos~u2vN!#

@sin~u1vN!#@1 2 cos~u2vN!#

2 (u)w3 2 t

exp@i ~w2 1 w3 2 w1!#exp@iDv~t 2 t!#

N!# 2 i sin~uvN!J .

quency offset

Ft i the flip angle of pulse numberi .

t, Eq. [25].

be performed as explained in the text.
LE
r th

ig.

pr 1
9! 2

~l9

2

)w2

i%ex

@1

N! 3

)w2

2K*

uv

fre
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tex
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248 CHRISTOPHE ODIN
xperimental results obtained with Chloranil at ambient t
erature.

35Cl is a typical spinI 5 3
2 nucleus, with a Zeeman splittin

f ;30 MHz in a ;7 T field and quadrupolar energies
ovalently bound Cl being roughly in the interval;30–40
Hz. As a model compound, we choose powder Chlor

Aldrich), because its line width is sufficiently small to

FIG. 4. (a) Experimental and simulated maximum of the spectrum o
pplied on resonance. The stars (*) are the experimental values and th

requency power isnRF ' 12.5 kHz. (b) Simulated signal amplitude of {u} for d
olid line; off resonance, dashed lineDx 5 0.5 and dash–dot lineDx 5 1. (c)
n-resonance (h 5 0.5; pulse angleu 5 vRF t p). Dashed line, single pulseu}
timulated echo sequence {u} { u} { u}; Dotted line and1, Hahn-echo sequ
bec
-

il

etected by a single pulse and it gives a good signal at
requency offsets. It was used without purification. Chlor
as two35Cl lines around 36.855 and 36.785 MHz, depend
n temperature, with asymmetry parameterh ' 0.2 almos
qual for the two lines (see however (13)). The line width a
alf height is a few kHz, and is inhomogeneous because a
an be burnt into the line with a long saturating pulse.

e high frequency line of Chloranil obtained with a single pulse of varyi
ontinuous line is the best fit obtained from Eq. [44] (h ' 0.2). The resulting radi
rent pulse angles and reduced frequency offsetDx 5 Dv/vRF. On resonance
ct of the pulse angle for the four sequences studied in the text, with irrad

ash–dot line, two-pulse echo sequence {u} { u}; Continuous line, three-puls
e {u} {2 u}.
f th
e c
iffe

Effe
{; D
enc
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All experiments were performed on a Bruker ASX 300
mbient temperature, with the static Bruker probe lying at
m away from the;7 T magnet (we checked that the resid

tatic field at this distance was comparable to the Ea
agnetic field with a Gauss meter. Experimentally, the di

ion of the spectrum by the splitting of the pure NQR ene
evel is small enough to be undetectable). All spectra w
cquired with quadrature detection. The probe full bandw
t half height was roughly;400 kHz. The delay between t

wo last pulses of sequence {u} { u} { u} was arbitrarily set to

FIG. 5. Constant echo amplitude lines of a two-pulse echo sequencu1}
n resonance, andh 5 0.2. (a) The set of dashed isoclines corresponds to a
sing an echo to detect the signal (Fig. 3d).
t

t
st
l
’s
r-
y
re
h

0 ms (a time much smaller than T1, and about twice as long
he dead time).

The complete expressions of the outcomes of sequenc
igs. 3a–3c, with respect to time counted from the end o

ast pulse, the dimensionless frequency offset and the
ngles can be found in Table 4. The expressions of Ta
ere obtained by means of the calculation scheme propos
ection III, and are in agreement with references (11) and (16)

or single and two pulse sequences, and with reference (5) for
he three-pulse sequence, although our result is more gen

2} with respect to their effective anglesu i 5 vRF t pi. Irradiation is assume
gative signal. (b) The range of values ofu1 is extended to cover nutation experime
e {{ u
ne
eral in
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250 CHRISTOPHE ODIN
he last case. The powder average, although performed f
imulations, is not indicated to clarify notations.
On resonance, the signal amplitude simplified as

Sp~u ! 5
l9

2
sin~l9u ! [44]

Spp~u1, u2! 5
l9

4
@sin~l9u1!#@1 2 cos~l9u2!# [45]

Sppp~u ! 5
l9

4
sin3~l9u !, [46]

FIG. 6. Simulated nutation spectra for different values of the asymm
he right side, a second pulse of lengthu2 is added to get an echo: solid li
hehere all phase factors have been set to unity andu 5 vRFt p is
he pulse “nutation angle.” These amplitudes are all pro
ional to l9. The NMR case corresponds tol9 5 1.

The first point we deal with is the optimization of the pu
ength to give the maximum signal. For on-resonance irra
ion, the signal amplitude of a single pulse sequence is
lated by a sine function of the pulse lengtht p in both NMR
nd NQR (Eq. [44]). Hence, the maximum occurs when
ffective total pulse angle is such thatl9u 5 p/2. In NQR, this
ondition can only be rigorously achieved for a given crys
ite or a monocrystal. For a polycrystalline sample, the re
ng function is no more a sine function of the pulse length (

parameter. On the left side are sketched the single pulse nutation expe
5 uM; dashed line,u2 5 2uM. All spectra are normalized,h 5 0.5.
etry
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a). The maximum signal is observed at pulse angleuM de-
ned by

uM <
1.1

Î3

p

2
< 0.64

p

2
. [47]

his value is smaller thanp/2 because the scaling factorsl9
ender the nutation of isochromats more efficient on ave
han in the case of NMR; indeed,l9 5 1 for NMR whereaŝl9&

1.4 for NQR. As illustrated by Fig. 4a, the comparison of
xperiments and the simulation is rather good. The value o
adio frequency power as defined by Eq. [28] was obta
ith a least square fitting procedure and gavenRF ' 12.5 kHz.
Irradiating off-resonance decreases slightly the pulse an

hich the maximum signal occurs, as well as signal intensity
he effect is rather small even for resonance offsets ofDx ' 0.5.

Figure 4c compares the outcomes of pulse sequenc
igs. 3a–3c for different pulse angles with irradiation
esonance. The maximum signal is observed at almost the
ulse angleuM for sequences {u}, { u} {2 u}, and {u} { u} { u},
hereas it is shifted to higher values for the {u} { u} sequence
s in NMR. The signal vanishes for all sequences at the
ngle. Unlike the case of NMR, the maximum signal of theu}
2u} sequence is slightly less than the one of the {u} sequence
ecause all the isochromats are not refocused exactly
ulse angles smaller thanuM, the sequence {u} { u} { u} is more
fficient than the sequence {u} { u}.

FIG. 7. Simulated excitation bandwidth of the four sequences studie
uM}; dash–dot line, {uM} { uM}; continuous line, {uM} { uM} { uM}; dotted lin
e

he
d

at
ut

of
-
me

e

or

To get further insight in the behavior of the echo
uence {u1} { u2}, we also plotted the lines of constant ec
agnitude in Fig. 5a. The curves are elongated quasi-ell
long theu2 axis, centered aroundu 1 5 uM ' 57.58 andu2 '
15°, the ratiou2/u1 being roughly 2, like in NMR. The line a
5% of maximum signal indicates that the maximum is ra
road, showing that a large range of angle values gives a
ignal.
In the experiments described below, the pulse angle wa
ain variable, as in nutation experiments (Fig. 3d). In fact
xperiment to optimize the signal amplitude is a nuta
xperiment stopped at short pulse lengths. The nutation

rum is obtained by the sine-Fourier-transform of the si
mplitude with respect to the first pulse length.
The problem of choosing the second pulse angle arises

xperimenter would certainly intuitively chooseu2 ' 2uM,
hich corresponds to the optimized effective “p pulse” for the
ahn-echo sequence {uM} {2 uM}. As shown by Fig. 5b, whic

s an extended version in theu1 direction of Fig. 5a, this choic
eems to be good because the horizontal line drawn fromu2 '
uM almost cross all the centers of the ellipses. We will s
elow that this choice also minimizes the distortion of
pectrum as compared to a single pulse nutation spec
ote that the signal decreases below 10% of the maxi
ignal whenu1 $ 900°, indicating that longer nutation puls
re useless (provided that arcing or heating have not sto

he experiment before that value).

n the text (h 5 0.2). The reduced frequency offset isDx 5 Dv/vRF. Dashed line
ith 1, {uM} {2 uM}; dotted line, {uM/2} { uM}.
d i
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252 CHRISTOPHE ODIN
The results of Section IV allow us to determine the ana
cal expression of the nutation spectrum. If we letx 5 n/ 2nRF,
hen the spectra are proportional to

Fnut1~ x! , xg~ x! [48]

Fnut2~ x! , xg~ x!@1 2 cos~2u2x!#, [49]

here the probability densityg( x) is given by Eq. [37]. Th
rst expression corresponds to a single pulse excita
hereas the second expression comes from a two-pulse

ion sequence with a second pulse of flip-angleu2 5 vRFt p2.
uch spectra appear in Fig. 6. It turns out that the shapes
pectra obtained from the two sequences are very similar
iven asymmetry parameter whenu2 ' 2uM. As remarked b
arbison (13), the singularities are obviously at the sa
alues ofx for both sequences. The proposed analytical
ressions can be useful to perform a least-square fitting o
xperimental spectra. This approach could be extended
ase of off-resonance spectra.

FIG. 8. Experimental and simulated excitation/reception bandwidth o
ith u ; 13 ms. (b) (*) two-pulse echo sequence {u} { u}; ( 1) Three-pulse se

ength (13ms). The solid lines are the theoretical results withnRF ' 12.5 kH
-

n,
ta-

the
r a

-
he
the

So far, we have mainly considered that the irradiation
erformed exactly on-resonance. But off-resonance ef
annot be neglected in real experiments where the width o
pectrum may be rather large (.100 kHz). The acquisition o
road spectra is then limited by the excitation bandwidth o
ulse sequence because the highest available RF powe
ot infinite (currently, the RF powers are a few tens of kH
he main effect that can be observed is a deformation in
hape of the spectrum, which becomes only severe whe
F power is less than or of the order of magnitude of
pectrum full width. In general, a large excitation bandw
an only be achieved at the expense of either a reduction
ignal to noise ratio or an increase of the experiment dura
ence, a compromise should be found. For very broad lin

econstruction scheme has been proposed (16) to retrieve the
ull spectrum by adding truncated subspectra acquired fr
egularly spaced set of irradiation frequencies which cover
hole spectrum width.
Nevertheless, some situations require a uniform excita

ver the entire spectrum. A rapid inspection of the express

fferent pulse sequences. (a) (1) Single pulse of 13ms; (*) Hahn sequence {u} {2 u}
ence {u} { u} { u} with coherence pathway 011 0 21. All pulses have the sam
5 0.2. All the amplitudes are normalized to one.
f di
qu
z,h
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f Table 4 indicates that the excitation bandwidth is limited
he longest pulse. Since the most favorable situation con
ng the signal amplitude occurs when the first pulse is set tuM,
he other pulse lengths could not exceed this value to ke
arge excitation bandwidth. For this reason, we limited
tudy to the {u} { u} and the {u} { u} { u} “stimulated” echo
equences.
Figure 7 compares the excitation profile of different

uences as a function of frequency offset. The single p
uM} has obviously the largest bandwidth. Among all the e
equences, the {uM} {2 uM} sequence gives obviously th
mallest bandwidth, but the largest signal. The secondary
ma of sequences {uM} { uM} and {uM} { uM} { uM} are almos
nobservable, the last sequence giving a flatter profile tha
u

FIG. 9. Simulated modulus and phase of the excitation profiles as a
a) Sequence {u}; (b) sequence {u} { u}; (c) sequence {u} { u} { u}. Continu
requency offset isDx 5 Dv/vRF.
M} { uM} sequence. The Hahn-type sequence {uM/2} { uM} is f
y
rn-

a
r

-
se
o

x-

he

ot recommended because it gives the weakest signa
hough not presented, we remark that the efficiency of {u} { u}
u} is the best for a pulse angle set tou 5 uM. If we draw a
omparison between echo sequences having the same
um pulse length, then the “stimulated echo” {uM} { uM} { uM}
as the more uniform excitation profile.
These simulations were also compared to experimental

eeping the same RF power value as in Fig. 4b, since a
xperimental conditions were the same. Note that the data
otbeen corrected from the attenuation due to the resonant c
e found a very good agreement between the simulations a

xperiment for all sequences, as indicated by Fig. 8.
An overestimation of the excitation bandwidth could

btained by the first zero of the modulus of the respo
unction in terms of the frequency offset. For a givenl9 (which

tion of irradiation frequency offset for different pulse anglesu 5 vRF t p (h 5 0.2).
line,u 5 uM; dashed line,u 5 uM/2; dash–dot line,u 5 2uM. The reduce
func
ous
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eans a given orientation when the sample is a monocry
he signal is zero at frequency offset

DnO

nRF
5 Î 1

~2nRFtp!
2 2 ~l9! 2. [50]

or a powder sample, one must take into account the dis
ion of l9 and no evident solution was found. However,
pproximate solution valid for low RF power can be obtain
ince the order of magnitude of parameterl9 is one (̂l9& '
.4), the first term in the root dominatesl9 if nRF ! 1/ 2 t p.
ccording to this approximation, the first zero is roug

ndependent of the RF power and of the powder average a
ocated at

Dn0 < 6
1

2tp
. [51]

f t p ' 10 ms, then the maximum excitation bandwidth
Dn0 ' 100 kHz and the RF power should benRF ! 50 kHz.
his approximation is usually valid. As a matter of fact, v

ow temperature experiments are usually performed unde
ium gas, and very low RF powers are necessary to pre
rcing. For instance, the range of powers accessible wit
pectrometer and probes without arcing are typically lo
han 15 kHz. In the range of validity of this approximati
ncreasing the RF power only increases the magnitude o
econdary lobes of the excitation profile.
Considering the modulus of the signal is not suffici

ecause the phase can only be corrected if it varies lin
ith the frequency offset. An illustration of the effect of
ulse length on the excitation profile and phase linearity ca

ound on Fig. 9. Regardless of the pulse sequence, the ran
inearity of the phase increases as the pulse angle decr

hen the pulse angle is set to 2uM (giving an effective mea
QR p pulse), the signal amplitude vanishes at resonance
ff-resonance signal amplitude may be large.

CONCLUSION

Throughout this article, we tried to show that pure NQR
pin I 5 3

2 could be apprehended in a manner very simila
he framework of the high field NMR of an isolated single s

To draw this analogy, we explored theQ interaction repre
entation formalism of an operator which is its own inverse
pplied it to the pure NQR of spinI 5 3

2 . This formalism
reatly simplifies the cumbersome calculations given by

n his pioneering article (11), by clearly pointing out th
eneral properties of the transformed operators. For inst
nly two parameters are needed, and only three matrices
asis of the Cartesian operators had to be calculated. By m
f this analogy with NMR, we were able to calculate
eneral propagator formula needed to calculate the respo
nse
l),

u-

.

is

e-
nt
ur
r

he

,
rly

e
of

ses.

ut

f
o
.

d

tt

ce,
the
ans

to

very NQR multipulse sequence. A particular attention
evoted to the powder average, which was transformed
n average over a two-dimensional grid of angles to a
imensional average over the probability density of the ang

actor, leading to a drastic decrease of simulation times. M
ver, the analytical expression of this probability density
erived, as well as the expressions of the corresponding

ion spectra. To our knowledge, this is the first time such
pproach is applied to NQR and such analytical expression
iven.
Applications of these procedures to the study of the op

ation and frequency response of one to three-pulse sequ
ere explicitly discussed and compared to some experim
erformed on Chloranil. A three-pulse “stimulated echo”
uence allowing a flatter excitation profile than the traditio

wo-pulse echo sequences was proposed for powders
hecked experimentally. A more general study of broadb
ulse sequences will be the subject of another article.

APPENDIX A

We use the spin12 Pauli matrices, defined as

sz 5 S1 0
0 21D sx 5 S0 1

1 0D sy 5 S0 2i
i 0 D . [A1]

ome well-known properties are

~sa! 2 5 I 2 anda 5 x, y, z. [A2]

sxsy 5 isz and the cyclic permutations [A

@sa, sb#1 5 0 anda Þ b. [A4]

ll calculations in the text are simplified by use of the follo
ng properties of the Kronecker product

~ A # B!~C # D! 5 ~ AC! # ~BD! [A5]

Tr~ A # B! 5 Tr~ A!Tr~B!. [A6]

APPENDIX B

In the basis which diagonalizes the quadrupolar Ham
ian, theQ matrix is obviously represented by the followi
ronecker product:Q 5 s z V I 2.
Thus, if A is a 43 4 bloc matrix written as

A 5 Sa1 a2
a3 a4D , [B1]

hereai are 23 2 matrices, one easily shows that the matr
, p , andq are
A A A



A
b n
t f th
q

.

1

1

1

1

1

1

1

1

1
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2

rA 5 Sa1 0
0 a4D pA 5 S 0 a2

a3 0 D qA 5 2iS 0 2a2
a3 0 D .

[B2]

s a consequence, the matrices introduced by Pratt (11) could
e retrieved by direct inspection of the matrix representatio

he spin operators in the basis of the eigenfunctions o
uadrupolar Hamiltonian.
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